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FUNDAMENTAL CALCULATION RULES

I - Subtraction

Definition 1 : The opposite of the number a is the number denoted —a such that: a + (—a) = 0.

Remarque:Inthis case, the sign"—"is not the mark of a negative number. Indeed, according to the definition, the opposite
of the number —2 is the number —(—2). However, —2 + 2 = 0, so we deduce that —(—2) = 2 is a positive number.

Definition 2 : The subtraction of a by b is the operation that adds the number a and the opposite of the number b.

a—b=a+ (-b)

Application : Group terms in order to simplify an expression.
5+3x—6—5x=>5+3r+ (—6) + (—5x)
=3z + (=5z) + 5+ (—6)
=2z +(-1)
=—2r—-1

II - Multiplication

Property 1 : Multiplication takes precedence over addition (and subtraction).
+ Multiplication is distributive over addition (and subtraction).
ckx(a+b)=kxa+kxb=ka+kb
s (a+b)(c+d)=axc+axd+bxc+bxd

Application : Expand and simplify an expression.

3t 4+5—-2(x+1)=3x+5+(-2) x (z+1) r—2zx+1)=x+(-1) x (2 +1)
=3z+5+(-2)xx+(-2)x1 =z+(-1)x2z+(—-1)x1
=3z+ 5+ (—22)+ (—2) =z + (—2z)+ (-1)
=x+3 =—lz+(-1)
=—xz—1

III - Division

1
Definition 3 : The reciprocal (or multiplicative inverse) of the number a # 0 is the number denoted — such that :

1
ax—=1.
a

b
Remarque : The reciprocal of the number a (@ # 0 and b # 0) is the number —. Indeed, 2= =1
EE— b a b a bxa

Property 2 : For any numbera,a x 0 =0 x a = 0.

Consequence : The number 0 has no reciprocal.




Démonstration : Prove that O has no reciprocal.

1 1
Proof by contradiction : If 0 exists, then according to definition 3, 0 X 0 =1

1 1
However, according to property 2, for any number a, 0 X a = 0. Therefore, in particular, if a = — we obtain 0 x 0 =0.
Thus we obtain that 0 = 1. This result is absurd, so the initial assumption is false.

1
Conclusion: 0 does not exist.

Definition 4 : The division of a by b (b # 0) is the operation that multiplies the number a and the reciprocal of the
non-zero number b.

1
a+-b=ax —

b

Consequence : The number 0 has no reciprocal, therefore division by 0 is impossible.

IV - Fractions

Property 3:
1 —1 1
* Foranynumbera #0, —— = — = —
a a —a
, X
* For all numbers b # 0, ¢ # 0, @_axc
b bxec

a ¢ axd bxc axd+bxc
+ For all — = =
ora numbersb;«é(),d#(),b—&-d b><d+b><d % d
For all numbers b £ 0,d £ 0, & x & = %€ 1n particulan a x & = & x 0 = X
or all numbers , '3 X 3= g Inparticular a X - =2 X == —
a
: : b d
-Forallnumbersb;«éO,C#O,d#(),%+§:%/g:%:%><E
d

V - Powers

Definition 5 : For any number a different from 0 and any natural integer n, we define the number a™ :
Ifn=0thena’ =1
Ifn=1thenal =a
Ifn > 1thena™ =a x a X --- X a(n factors of a)

Convention : The exponent always takes precedence over other operators.

Definition 6 : For any number a different from 0 and any relative integer n, we define the number a—™ :
1

T qn
That is to say, a~ " is the reciprocal of a™.

Property 4 : For all numbers a and b different from 0, for all relative integers m and n :

e ™ x gt = am+n o g™ X b = (LL % b)n
m n

A men A A
an bn 7 b




SETS OF NUMBERS

In mathematical language, a set of numbers is denoted using curly brackets (or square brackets when it comes to an
interval, as we will see later in this course).

If the set has a name, then the curly brackets are preceded by the name of the set followed by the "=" symbol.

Definition 1 : We call N the set of natural numbers: N = {0, 1,2,3,... }.

Remarque : The 3 dots indicate that the set contains an infinity of numbers that continue the same logical sequence (in
definition 1, to go from one number to the next, we add 1).

Definition 2 : We call Z the set of integers (or relative integers): Z = {...,—3,—-2,-1,0,1,2,3,... }.

Definition 3 : We call D the set of decimal numbers : D — {

n
10p,n€Z,p€N}.

Application : Write a decimal number as a decimal fraction.

1.732 1732 1732

1.732 = = = —
7 1 1000 103

Remarque : Definition 3 specifies that a decimal number has a finite number of decimal places.

n

d

Definition 4 : We call Q the set of rational numbers : Q = { ,n € Z,deN,d# O}.

Remarque : Rational numbers that are not decimals, written in "decimal form", have an infinite number of decimal places.
However, these decimals follow certain rules, meaning that the same digits are found periodically.

1

2 3
-=0.33... — =0.1818... = = 0.428571428571 . ..
3 0.33 11 0.1818 7 0.42857142857

Definition 5 : We call R the set of real numbers. R = {z, 22 > 0}

Z) D) QR

Remarque : Real numbers that are not rational are called irrational; v/2 and 7 are irrational.

Notation : If a set F is contained in a set I, we say that F' is included in F', and we denoteit: ¥ C F'.

NCcZcDcQcR

+ Toindicate that a number belongs to a set, weuse €:5 € N, —12 € Z.

3
+ To indicate that a number does not belong to a set, we use ¢ : —6 ¢ N, 1 ¢ Z.




ARITHMETIC IN N

Definition 1 : To perform the Euclidean division of a natural number a by a strictly positive integer b means finding
two natural numbers called quotient ¢ and remainder 7 such that:

a=bxq+r with 0<r<b

Definition 2 : We say that the natural number b is a divisor of the natural number a when the remainder of the Eucli-
dean division of a by b is equal to zero, meaning that there exists a natural number g such that :

a=0bxq

Vocabulaire : The following sentences have the same meaning.
» bisadivisor of a
» bdivides a
+ aisamultiple of b

* aisdivisible by b

1
Démonstration : Prove that 3 ¢ D.
Proof by contradiction.
1 1
If — € D then there exists a relative integer n and a strictly positive natural number p such that 3 =

So3n =107 =10 x 10 x --- x 10 (p factors)
So 3 is a divisor of 10P.
This result is absurd so the initial assumption is false.

1
Therefore 3 ¢ D.

i
100°

Definition 3 : We say that a natural number is prime when it has exactly 2 divisors : 1 and itself.

Definition 4 : We say that natural numbers are coprime (or mutually prime) when their only common divisor is 1.

Definition 5 : We say that a natural number a is even when it is divisible by 2, meaning there exists a natural number
qsuchthat:a =2 X ¢

Definition 6 : We say that a natural number « is odd when it is not divisible by 2, meaning there exists a natural
number g suchthat:a =2 x g+ 1

Property 1: Let a be a natural number;

a? is even (resp. odd) if and only if a is even (resp. odd).

Démonstration :
« If a is even then there exists a natural number ¢ such thata = 2 X gq.
Soa? = (2 x q)? =22 x ¢®> =2 x (2¢%), so a? is even.

+ To prove that if a? is even then a is even, we use the contrapositive of this proposition.
In logic, [if a? is even then a is even] is equivalent to [if a is not even then a? is not even].
If a is not even then it is odd, so there exists a natural number ¢ such thata = 2 x g + 1.
Soa’?=(2xq+1)2=(2¢+1)(2¢+1) =4¢*> + 49+ 1 = 2(2¢*> + 2q) + 1 s0 a? is odd.
Therefore a? is not even.




Application : Find all the divisors of a number

Example : Find all the divisors of 60.

60 =1 x 60
60 =2 x 30
60 =3 x 20
60 =4 x15
60 =5 x 12
60 =6 x 10

The list of divisors of 60 isthus: {1; 2; 3;4;5; 6; 10; 12; 15; 20; 30; 60}.

Application : Decompose a number into prime factors

Example : Decompose the number 60 into a product of prime factors.

60
30
15

T W NN

We therefore have : 60 = 22 x 3 x 5.




REAL NUMBERS

I - Set of real numbers

Definition 1: We call R the set of real numbers. R = {z, 22 > 0}

D)

NCcZcDcQcR

Remarque : Real numbers that are not rational are called irrational; \/§ and 7 are irrational.

Démonstration : Prove that /2 ¢ Q.
Proof by contradiction.
Ifv/2 € Qthen 2 = % withn € N, d € N, d # 0. Moreover, we can choose n and d coprime so that the fraction %

isirreducible.

n2

2
Ifv2 = %then (\@)2 = (%) so2 = Z son? = 2 x d?, thus n? is even which means n is even.

Therefore, there exists a natural number ¢ such that n = 2 x g yielding n? = (2 x q)2 =4 x g%
Butn? =2 x d?, 502 x d?> =4 x ¢% thus d*> = 2 x ¢?, therefore d? is even which means d_ is even.

Therefore, there exists a non-zero natural number ¢’ such thatd = 2 x ¢'.

n 2 x
So E = 27(1’ is not irreducible, which contradicts the initial assumption.
X q

Therefore we cannot find 2 natural numbers n and d such that v/2 = % withn € Z,d € N, d # 0.

Thus v/2 ¢ Q.

Property 1: Every real number is associated with the abscissa (coordinate) of a point on the number line, and vice-
versa.

Méthode : Bound a real number between two decimal numbers
* Bound \/§ between two decimal numbers to the nearest 1073.

1 - First, evaluate v/2 on a calculator; we obtain v/2 &~ 1.4142414.

2-Tobound it to the nearest 10~3, we must bound /2 between two decimals with 3 decimal places whose difference
is less than or equal to 1073,

We truncate the obtained value to 3 decimal places; we obtain V2 > 1.414.
We add 1073 which is 0.001 and we obtain v/2 < 1.415.
3 - We give the desired bounds : 1.414 < V2 < 1.415.

* Bound —\/g between two decimal numbers to the nearest 10~ 2.
1 - First, evaluate —/3 on a calculator; we obtain —v/3 ~ —1.732051.

2 - To bound it to the nearest 1072, we must bound —+/3 between two decimals with 2 decimal places whose
difference is less than or equal to 1072,

We truncate the obtained value to 2 decimal places; we obtain —V/3< —1.73.
We subtract 10~2 which is 0.01 and we obtain —v/3 > —1.74.
3 - We give the desired bounds : —1.74 < —\/§ < —1.73.




II - Intervals

An interval is a set of numbers limited by 2 bounds, which are numbers, +o0c or —oo.
We study the different cases in the table below (a < b).

Interval Inequalities Number line
x € [a; 0] a<z<b . L .
—00 a b +00
x €la; b a<z<b 1 & f
—00 a b +00
. r T r
x € [a;b] a<z<b L f
—00 a b +00
x €a; b] a<z<b 1 & 1
—00 a b +o00
r €] — 00;a] r<a 3
—00 a +00
x
T €|a; 400 T >a ]
la; [ —00 u +00

Notation : A set of numbers can be composed of the union of several intervals.
In this case, we use the symbol U which means or.

Examples :

« x €[-1;2]U]3;4] meansthat -1 <z <2o0r3 <z < 4.

« x €] — 00;0[U]0; +00[ means that z < 0 or x > 0.

A set of numbers can be composed of the intersection of several intervals.
In this case, we use the symbol M which means and.

Example : x € [—1;3]N]2;4] means that —1 < z < 3and 2 < z < 4 thus z €]2; 3].




SQUARE ROOT AND ABSOLUTE VALUE

I - Square roots

Definition 1 : The square root of a number a greater than or equal to zero, is the positive number denoted \/a such
that:

(Va?=a (a>0)

Property 1 : For all positive or zero numbers @ and b :

- Vaxvb=+vaxb . \\/g: % (b 0) - Va2 =a (a>0)

Application : Simplify a square root

c VA8 =16 x3=V16 x V3 =V42 x V3 =43
T_ VT _ VT VT

25 V25 52 b

II - Absolute value

Definition 2 : We call the absolute value of a real number z the distance between 0 and x on the number line.
It is denoted |z|.

Property 2 : For any real number x :

{|1¢=x ifx >0

|| =—2z ifz <0

Explanatory example :

Y

5 -4 -3 -2 -1 0 1 2 3 4 5

+ The distance between 0 and 2 is equal to 2 units, thus |2| = 2.
Soifx > 0then |z| = x.

+ The distance between 0 and —3 is equal to 3 units, thus | — 3| = 3.
But the opposite of —3 is denoted —(—3) and is equal to 3. Therefore | — 3| = 3 = —(—3).
Soif x < 0then |z| = —z.

Property 3 : For any real number z, Va2 = ||

Explanatory example:

« V22 = /4. By definition, (\/11)2 = 4 = 22 therefore, as v/4 > 0 and 2 > 0, we deduce that v/4 = 2.
Therefore v/22 = 2 = |2

+ /(—2)2 = V/4. By definition, (v/4)? = 4 = 22 therefore, as v/4 > 0 and 2 > 0, we deduce that v/4 = 2,
Therefore \/(—2)2 =2=| —2|.




Démonstration :
s Ifz>0thenval = Vz x 2 =2 x VZ = (V2)2 =2 = |z].
< Ifx < 0then Va2 = \/(—2)2 = /(—2) x (—z) = (v/—x)?

—x = |z|.

Property 4 : The distance between 2 numbers a and b is equal to |a — b|.

la — bl =1|b—da]

| 4 | |
T —T T

4 3.4 -2 -1 0

T

Application : Solve an equation with absolute value |x — 3| = 5

According to the previous property, the equation |x — 3| = 5 means that the distance between the numbers x and 3
is equal to 5.
On the number line, we therefore look for points located at a distance of 5 from the coordinate 3.

d=5 d=5

4 |
T T T

-2 0

| |
T

| | |
T T T T

w +

We find two solutions graphically: 3 —5 = —-2and 3 + 5 = 8.
The set of solutions of the equation is therefore S = {—2; 8}.

Property 5: Let a and r be real numbers, > 0;

r€fa—r;a+r] < |lr—a|<r

x€la—r;a+r] < |jr—al<r

Application : Solve an inequality with absolute value |x — 2| < 3

This inequality translates to : the distance between x and 2 is less than or equal to 3

According to property 5, this corresponds to the interval [2 — 3 ; 2 + 3].
The set of solutions of the inequality is therefore S = [—1; 5].

10



LINEAR EQUATIONS IN ONE UNKNOWN

An equation in one unknown is an equality that contains an unknown number, represented by a letter (z, ¢, v, ...).

I - Testing a possible solution

Solving an equation in a set I means finding all the values of the unknown contained in I that satisfy the equality.

Méthode : Test if a number is a solution to an equation
Example 1 :Is the number —1 a solution to the equation 5z — 3 = 7z + 2?
br—3=5x(—-1)—3=-8
Tr4+2=7Tx(-1)+2=-5

Thus —1 is not a solution to the equation.

If x = —1 then { therefore if . = —1then 5z — 3 # Tz 4 2

)
Example 2 : Is the number 3 a solution to the equation 5 — 3 = 7z + 27

- 5x—3:5x(—;)—3:_225_g:_321 i
Ifx:—ithen 5 a5 4 a1 therefore i1“;1::—5 then5z — 3 = Tz + 2
92— 2 9 2 2 __ 20
Tr + 7><< 2>+ 2_|_2 5

)
Thus 5 is a solution to the equation.

II - Addition rule

Property 1 : An equality remains true when the same number is added to both sides of the equality.

For all real numbers a, b, ¢, ifa =bthena+c=0b+ ¢

Application : Group numbers on the same side of an equality.

Example 1: Example 2 :
r—1=1 3r=2x+1
r+(-1)=1 3z+(—2z) =26 + (=277 + 1
T+ (=1)+1=1+1 lz =1
T =2 r=1

III - Multiplication rule

Property 2 : An equality remains true when both sides of the equality are multiplied by the same number.

For all real numbers a, b, c,ifa = bthena x c=b x ¢

Application : Express the value of .

Example 1: Example 2 :
— 1
3r =5 —Zr=29
3xaz=>5 e
1 1 —— Xxr=2
X3 X1 =_-xb 4
3 3
) /4'%<7/1/>><x:4><2
r= - 4
3
r=—8

11




Application : Simplify solving an equation with fractions.

1 2 1
Example : Find an equivalent equation to g;c —2= —533 + 5 without fractions.
1 9 2 n 1
Zr—9=_Z44=
3 ) )

1x5 2x15 2x3 1x3
T — =———x+
3 x5 1x15 5x 3 5x3
ox —30  —6x+3
15 15
5z — 30 —6x + 3
X—— = Ax—
pis 5
5z — 30 = —6x + 3

p%s

IV - Solving a linear equation in one unknown

Méthode : Solving an equation in R

We reduce it to an equation without fractions.
2:c><6+7><2_ V3x3 1x6
1x6 "3x2 " 2x3 1x6
127 + 14 3V3z -6
T g x Y
6 6
120+ 14 =3V32 — 6

We group the "z" terms on one side and the numbers on the other.

122+(—3v/37) + M+ (—14) = 3v3z+(—3/31) — 6+(—14)
122 — 3v3z = —20
We simplify the expression or factor out "z" then we deduce the expression for "z".
(12 — 3v3)z = =20 (12 — 3v/3 # 0 so it has a reciprocal)

1 1 920
—x(1 3= ———%x(—=20) thus = ——-—
12—3¢§M 12— 33 (=20) 12— 33

We state the set of solutions to the equation in R

s-{a=w)

6 x

Property 3 : A linear equation in one unknown has 0 solutions or 1 solution or else, every real number is a solution to
the equation.

Méthode : The different situations to distinguish

Example 1: The equation 3z = 2z + 1 has 1 as its unique solution in R. We denote S = {1}.
Example 2 : The equation 3z = 3z + 1 has no solution in R. We denote S = ().
Example 3 : The equation 3z + 1 = 3z + 1 admits any real number as a solution in R. We denote S = RR.

12




Démonstration :
A linear equation in one unknown z is of the form ax + b = O with a,b € R.
« If a = 0 then the equation is written as b = 0, so it is independent of x.

« If b = 0 then the equation is written as 0 = 0; this equality is always true, therefore S = R.

« If b # 0 then the equality b = 0 is always false, therefore S = ().

—b —b
« If @ # 0 then the equation is written as ax = —b then x = —, thus — is the solution to the equation.
a a

Uniqueness : Suppose the equation has 2 solutions x; and x3, then ax; + b = 0 and axzs + b = 0.
Hence ax1 +b=axs+b <= ax; = axs < a(x; —x2) = 0buta # 0sox; — z9 = 0, thatis x; =

Thus the equation has a unique solution.

13




LINEAR INEQUALITIES IN ONE UNKNOWN

Alinear inequality in one unknown is an inequality that contains an unknown number, represented by a letter (z, ¢, y, ...).

I - Testing a possible solution

Solving an inequality in a set I means finding all the values of the unknown contained in I that satisfy the inequality.

Méthode : Test if a number is a solution to an inequality

Example 1 :Is the number —2 a solution to the inequality 5z — 3 > 7x + 27
bx —3=5x(-2)—3=-13
Te+2=7x(-2)+2=-12

Thus —2 is not a solution to the inequality.

If x = —2 then { thereforeif x = —2thenbx — 3 < 7x + 2

Example 2 : Is the number —3 a solution to the inequality bx — 3 > 7x + 27
5 —3=5x%x(-3)—3=-15—-3=-18
Tx4+2=7Tx(-3)+2=-2142=-19

Thus —3 is a solution to the inequality.

If t = —3 then { thereforeift = —3thenbx — 3 > 7x + 2

II - Addition rule

Remarque :
* The addition rule applying to equalities and strict inequalities also applies to non-strict inequalities.

+ The addition rule for inequalities is used to group numbers on the same side of an inequality.

Property 4 : An inequality remains true when the same number is added to both sides of the inequality.

For all real numbers a, b, c,ifa < bthena+c < b+ c

III - Multiplication rule

Property 5:
* An inequality remains true when both sides of the inequality are multiplied by the same strictly positive number.
For all real numbers a, b, c,ifa < bandc > 0thena xc< b X ¢
« An inequality changes direction when both sides of the inequality are multiplied by the same strictly negative
number.

For all real numbers a, b, c,ifa < bandc < Othena xc>b X ¢

Application : Express the value of x.

Example 1: Example 2 :
1
3z <5 ——x <2
1 1 1 4
X3 X1 < -x5 since=>0
3 ; 3 74'%<7{> X x> —4x2 since —4 <0
<7
r 3 x> —8

14




IV - Solving a linear inequality in one unknown

Méthode : Solving an inequality in R
The method for solving a linear inequality in one unknown is identical to the method for solving a linear equation in
one unknown.

2c+1>mx—1

We group the "z" terms on one side and the numbers on the other, then simplify or factor out "z".
2z+(—7z) + [+(—1) > ma+(—7mz) — 1+(-1)
20 —mx > =2
(2—mx> -2

We deduce the expression for "z".
(2 — m < 0 so we change the direction of the inequality)

X (2 —)x x(—2)
2— 2—
< -2
r= 2—m
|
-2
2—m

We give the set of solutions to the inequality in R as an interval :

e

2—m

15



SYSTEMS OF TWO EQUATIONS IN TWO UNKNOWNS

I - Solving method by elimination (linear combination)

We multiply both sides of each equation in the system by a number such that when we add the 2 equations of the system
side by side, we eliminate one of the two unknowns.

Méthode : Solve a system by elimination

2r—by =12 (Ey)
Solve the system
3z +4y =—-5 (E»)

We choose, for example, to eliminate the unknown y :
We multiply (E1) by 4, and we multiply (E5) by 5. We obtain :
4x2r—4xby=4x12 8x—20y = 48
hence
5x3x+bx4y=-5x5 152420y = —25
We add the 2 equations side by side. We solve the resulting equation. We obtain :
8z + 15x—20y—+20y = 48 — 25 thus 23z = 23
=53 =
We replace z by its value in (E1) or (E3). With (E7), we obtain :
2x1—-5y=12 thus —5y=10
===
thus S = {(1;—-2)}

€T 1

Yy —2

II - Solving method by substitution

We express one unknown in terms of the other in one of the 2 equations of the system, then we replace this unknown by
this value in the other equation.

This method is preferably used when one of the 2 unknowns has a coefficient of 1 or —1.

Méthode : Solve a system by substitution

3y =2 E
Solve the system Ty (1)
20 —y=—-1 (Ey)

We choose, for example, to express x in terms of y in (E1) then we replace x in (Es2) by this value. We obtain :

r=2-3y
22-3y)—y=-1

We solve the resulting equation with unknown y. We obtain :

2x2-2%x3y—y=—1 thus 4—-7y=—-1 thus —Ty= -5

-5 5
y=_2 "7
R
We replace y by its value in (E7). We obtain :
5
IX - =2
T+ -
15
—9_ 2
7
14 15 —1
r=— - — = —
7 7 7

16




QUADRATIC EQUATIONS IN ONE UNKNOWN

I - Algebraic resolution of a product equation

Property 1 : If a product of factors is zero then at least one of its factors is zero.
a,beR,ifaxb=0thena=0o0rb=0

Application : Solve an equation of the type (ax + b)(cx + d) = 0.

Resolution of the equation (z + 5)(3z —2) =0
If(x+5)(3xr—2)=0thenz+5=00r3z—-2=0

) 2
thatis =z =-5 or zx=-—

3
2
Thus § = —5; -
wss={-5: 3]

II - Algebraic resolution of a quadratic equation

A quadratic equation in one unknown is an equation of the form ax? 4+ bx + ¢ = 0 with a,b,c € Randa # 0.
Indeed, if a = 0, we obtain a linear equation in one unknown.

When solving such an equation, the goal is to reduce it to a product equation in order to use property 1 to determine the
set of solutions.

1 - Factorize using a notable identity

Property 2: Let a, b, c be real numbers;

Expanded form Factored form
ab+ ac=a(b+ c)
a? + 2ab + b? = (a + b)?
a? —2ab+ b? = (a — b)?
a? —b* = (a+b)(a —b)

Méthode : Resolution of a quadratic equation

Solve the equation (z — 1)? = 2(z — 1) in R
1 - We group all the terms on one side
(r—1)22-2(x-1)=0
2 - We factorize using a notable identity
(r—1)x(z—1)—2x(x—-1)=0
(x—1)x[(x—1)—2]=0
(=1 x(z—1-2)=0
(x—1)(x—3)=0
3 - We apply property 1
r—1=0 or z—-3=0
z=1 or z=3
4 - We give the set of solutions

S={1;3}
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Méthode : Solve an equation of the type 2 = a, a being a given real number.
« If a < Othen S = & (the square of a number is always positive or zero).
« Ifa = 0then S = {0}.

« If a > 0 then we use the general method studied previously :
2

rl=a
22 —a=0
xz——(VQQQ =0

(o4 V) (# —va) =0
r++va=0 or x—+a=0
r=—Va or z=+a
S ={-Va; Va}

Programme en Python : solve an equation of the type % = a

from math import *

print("Solve an equation of the type x*x = a")

a = float(input("enter a = "))

if a < 0@:
print("No solution")
elif a ==
print("S = {0}")
else:
x1 = -sqrt(a)
X2 = sqrt(a)
print("S = {", x1, ";", x2, "}")
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QUOTIENT EQUATIONS IN ONE UNKNOWN

A quotient equation is an equation containing fractions where the unknown is present in the denominator.
What changes in this case is that certain values of the unknown that make the denominator of a fraction in the equation
zero must be excluded from the set of solutions. These values are called forbidden values.

Property 1:If a and b are real numbers such that b # 0 then :
a
7= 0 < a=0

Méthode : Solving a quotient equation

. . Sz +1 1
Resolution of the equation =
1—=2 z+1

1 - Determine the forbidden values

l1—-2z=0 and z+1=0

r=1 and x=—1
2 - Group all the terms on one side
3z +1 I
l—z 41
3 - Put all fractions over a common denominator
Bz +1)(z+1) 1(1—x)

(1—z)(x+1) (x+1)(1—2)

Bzr+1)(x+1)—1(1—2)

@+ (1 —2) =0

4 - Factor the numerator using a notable identity
(or expand then simplify if no factorization is possible)

32 +ax+3z+1—1+z

(z+1)(1—x) =0
372 + bz
@+ D(1—a)
z(3z +5) _0
(x+1)(1—=x)

5 - Calculate the roots of the numerator
r=0 or 3xz4+5=0

6 - Eliminate any forbidden values from the roots obtained in step 5

5%
0 and —— are not forbidden values.

-3

7 - State the set of solutions
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QUADRATIC INEQUALITIES IN ONE UNKNOWN

I - Algebraic resolution of a product inequality

Property 1:

T —00 —= +00

Sign of ax + b sign of —a sign of a

Property 2:
* The product of 2 real numbers with the same sign is positive.

* The product of 2 real numbers with opposite signs is negative.

Méthode : Resolution of an inequality of the type (ax + b)(cx + d) < 0.

Solve the inequality (z — 2)(—3z — 6) < 0inR
1 - Finding the roots of the polynomial
z—2=0 or —3z—-6=0

r=2 or r=—-2
2 - Sign table
z —00 —2 2 400
a=1>0 z-2 — - +
a=-3<0 —-3z—-6 + - -
(x — 2)(—3x — 6) - + -

3 - Set of solutions :
S =]—00; —2]U[2; +o0]
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II - Algebraic resolution of a quadratic inequality

The beginning of the resolution is identical to that of solving a quadratic equation in one unknown.
The goal is to obtain a product inequality in order to then use the method studied in paragraph L.

Méthode : Resolution of a quadratic inequality
Solve the inequality (z — 1)? > 2(x — 1) inR
1 - We group all the terms on one side
(r—1)2=2(x—-1)>0

2 - We factorize using a notable identity

(x—1)x(z—1)—2x(x—1)>0
(x—1) x[(x—1)—2]>0
(x—=1)x(zx—-1-2)>0
(x—=1)(x—3)>0
3 - We find the roots of the polynomial
z—1=0 or z—-3=
r=1 or T =
4 - We make a sign table
x —00 1 3 400
a=1>0 zx-—1 — + +
a=1>0 x-—3 — —
(x —1)(x —3) + - +

5 - We state the set of solutions :

S =]—00; 1[U]3; 00|

21




QUOTIENT INEQUALITIES IN ONE UNKNOWN

Property 1:
* The quotient of 2 real numbers with the same sign is positive.

« The quotient of 2 real numbers with opposite signs is negative.

Méthode : Solving a quotient inequality

r—1.

in R

Solve the inequalit z+1 <
Y i uality ——
g ya:-i—? Tz —2

1 - Determine the forbidden values
r+2=0 and z—-2=0
r=—2 and T =2
2 - Group all the terms on one side
z+1 z-—1

T+2 z-2 <0
3 - Put all fractions over a common denominator
(z+1)(z—-2) (z—-1)(z+2) <0
(x+2)(x—2) (r—2)(x+2)
(z+1)(x—2)—(x—1)(z+2)
@+ 2@—2) <0

4 - Factor the numerator using a notable identity
(or expand if no factorization is possible)

2?4+ x—22—2— (22 — 242z —2)

<0
(z+2)(x—2)
,Z/Z+x—2x7%—,1/j+x—2x+2<0
(r+2)(x—2)
—2x
——— <0
(r+2)(x—2)
5 - Calculate the roots of the numerator
—2z=0
=0
6 - Make a sign table
x —00 —2 0 2 +00
a=1>0 x+2 — + + +
a=1>0 -2 — — — +
a=—-2<0 -2z + + — —
—2x n +
(x+2)(x—2)

7 - State the set of solutions :
S =]-2;0[U]2; +o0]
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GENERALITIES ON FUNCTIONS

In middle school, a function f is a mathematical relation that associates a number z with the number f(x).
We denote it f : = — f(x) which is read "the function f which associates f(z) to x".
The number z is called the variable. Indeed, it is by varying this number that we will calculate the different values of f(x).

I - Domain of definition

Definition 1 : We call a real function f a relation between 2 sets of real numbers D and F such that, to each element
of D, we associate a unique element of F. We denote :

f:D—F

x— f(x)

Vocabulaire :
« xis called the antecedent of f(x).

+ f(x)is called the image of x.

oo [T 1 : P LI PR L

Some reference functions and their domain of definition

* The affine function x — ax + b, a,b € R is defined on R (if b = 0, we say that the function is linear).

+ The square function z — 22 is defined on R.
1

« The reciprocal function z — — is defined on | — oo; 0[U]0; 4+-00[ (the number 0 has no reciprocal).
x

« The square root function x +— +/ is defined on [0; +00[ (the square root of a negative number does not exist).

Remarque : Depending on the needs, we can restrict the extent of the domain of definition of a function.

II - Representative curve

One advantage of functions is that they can be associated with curves.

Definition 2 : We call the representative curve of the function f the set

Cy={M(z,y),z € D,y € Fsuchthaty = f(x)}

Remarque :
* We also say that the curve C'y has the equation y = f(x).

+ To sketch the shape of the representative curve of a function on a given interval, we calculate the coordinates of a

crifficiant niysmbhar af nainte an thao ciinin than cannact thoam Oaithant o ralar)

Some reference curves

Affine function Square function Reciprocal function Square root function

y=2r+1 y = a? yzl Y=+
x

5 5
4 2 4
3 1 3
1.2 T
2 = o1 2 x 2
1 ! 1
2 0120 } ol1' 23 45
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III - Graphical readings

Graphical reading of image and antecedents

Below, the representative curve of the function f : x — 3 + 2% — 2z + 1 defined on D = [—3; 2] has been drawn.

f(x)

9__

+ Graphically read an image
The ordinate of the point on the curve C'y with abscissa —2.5 is about —3.5.
Which means that the image of —2.5 by f is about —3.5 therefore f(—2.5) ~ —3.5.

+ Graphically read antecedents
Three points on the curve C'y have an ordinate of 2.
Their respective abscissas are about —1.8; —0.45; 1.25.
The antecedents of 2 by f are therefore about —1.8; —0.45; 1.25
thus f(—1.8) ~ 2; f(—0.45) ~ 2; f(1.25) ~ 2.

No point on the curve C'y has an ordinate equal to —11.2 so —11.2 has no antecedent by f.

Remarque:
+ Graphically solving the equation f(x) = k amounts to graphically reading the antecedents of k by the function f.

« Graphically solving the inequality f(z) > k amounts to graphically reading the abscissas of the points on the repre-
sentative curve of f having an ordinate strictly greater than k.
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IV - Study of a function

1 - Direction of variation

On a graph, when the curve goes up, we say that the function is increasing and when the curve goes down, we say that

1 rd . 1

Graphical reading of the direction of variation

In the previous example, by graphical reading :
f isincreasing on [—3; —1.25] U [0.5; 2] and decreasing on [—1.25; 0.5].

- Il 1 L . rd . . c c . 1 . 1 . F 1

Direction of variation of a function

C'y goes up means that the function f is increasing. Cy goes down means that the function g is decreasing.
Let (1, f(x1)) and (22, f(x2)) be two points on CY, Let (x1, g(x1)) and (z2, g(x2)) be two points on Cy, we
we observe that if z1 < x9 then f(x1) < f(z2). observe that if x1 < g then g(x1) > g(z2).

Definition 3 : Let f be a function defined on an interval 1.
- We say that the function f is increasing on I, when for all real numbers 1 and 2 in I,
if x1 < xgthen f(x1) < f(x2)

- We say that the function f is decreasing on I, when for all real numbers z; and x5 in 1,
if x1 < xothen f(x1) > f(x2)

Remarque :

The direction of variation of a function is studied locally, meaning that x; and x2 are very close. The function f must
therefore be defined on [x1; x2]. This is why in the definition, we require the function f to be defined on an interval I
containing x1 and z2.

2 - Maximum and minimum of a function

Definition 4 : Let f be a function defined on an interval I and a a real number belonging to L.
- We say that f(a) is the maximum of the function f on I, when :
for any real number zin1, f(z) < f(a)

- We say that f(a) is the minimum of the function f on I, when:
for any real number zin1, f(z) > f(a)

Graphical reading of extrema

In the previous example, by graphical reading :
« The minimum of f on Dis f(—3) = —11 and the maximum of f on Dis f(2) = 9.

+ The maximum of f on [-2;0] is f(—1.25) ~ 3.
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3 - Variation table of a function

=3 P L1 c € . . 1 Il c  C . . 1 . £ C

Variation table

For the previous example, we obtain the following table :

r | -3 —-1.25 0.5 2
3 9

f(z) 7

—11 0.4

An upward arrow indicates that the function is increasing, and a downward arrow indicates that the function is decrea-
sing.

Variation table and forbidden value

1
The reciprocal function f : x — — is defined on | — 0o; 0[U]0; +o0.
x
We place a double bar in the variation table to indicate that 0 has no image.

T —00 0 +o00

f(w)=£ \ \
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THE AFFINE FUNCTION

I - Definition and graphical representation

Definition 1 : An affine function is a function defined on R by x — az + b with a, b € R.

Remarque : A linear function x — ax defined on R is a particular affine function.

Property 1: The graphical representation of the function defined on R by x +— ax + b with a,b € R is the line with
equation y = ax + b.

Graphical representation of an affine function

Graphical representation of f defined on R by x — 3x — 4.
The graphical representation of f is the line Dy : y = 3x — 4.

To draw this line, it is sufficient to have the coordinates of 2 distinct
points on this line.
f(0)=3x0—-4=—-4s0(0;—4) € Dy Nl

f(2)=3x2-4=250(2;2) € Dy.

iy
The slope (or gradient) of Dy is the difference between the images
of 2 consecutive integers:a = f(2) — f(1) =2 — (3 x 1 —4) = 3.
(This explains the graphical method for determining the slope.)
The y-intercept of Dy is the ordinate of the intersection point of Dy
with the (Oy) axis: b = —4
II - Direction of variation and sign (a # 0)
Direction of variation of f : * — ax 4+ bwitha # 0
Let x1 and x5 be real numbers such that x; < x9;
Ifa <Othena X x1 > a X 9 Ifa>0thena X 1 < a X x9
hencea X 1 +b>a X x9+b hencea x z1 +b<axzy+b
so f(z1) > f(z2) so f(z1) < f(x2)
thus f is decreasing. thus f is increasing.
T —00 +0o0 x —00 +00

fx)=ax+0b flx)=ax+b
a<0 a>0

Signof f : ¢ — ax + bwitha # 0

Ifa <Othen azx+b>0 Ifa >0then ax+b>0
& ax > —b & ax > —b
& x< —— (sincea <0) & x> —— (sincea >0)
a a
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Property 2 : Summary table of an affine function

x —00 ;b —+00
a
f(z)=ax+b
a<0
Signof ax + b (5
Dy
1 f(x) >0
0

T —00 — +00
a
f(z)=ax+0b
a>0
Signof ax + b = ¢ Sl
1 Dy
f(z)>0
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THE SQUARE FUNCTION

Definition 1 : We call the square function the function defined on R by z > 22.

Study of the variations of the square function

Let 21,22 €] — 00; 0] such that 1 < z9 Let 21,2 € [0; +o0[ such that 21 < o
a3 —x] = (x2 + 21) (22 — 11) 73 — 1] = (w2 + z1) (22 — 1)
r1 <0andxg <0soxg+ 21 <0 x1>0andxg >0soxy +x1 >0
andxlgxgsoxg—xlzo andxlgscgsoxg—xlzo
thus (z2 + z1)(z2 — 1) <0 thus (x2 + z1)(z2 — 1) > 0
thus 22 < 22 thus 23 > 22
sox — 2 is decreasing on | — co; 0] sox — x2 is increasing on [0; +oo]

We deduce the variation table of the square function :

x —00 0 —+00

22 \ /

Graphical representation of the square function

axis of symmetry

The representative curve of the square function is the

1 parabola with equation y = 2.

It is above the abscissa axis.
Indeed, forallz € R, % > 0.

(0;0) is the only contact point of the parabola with the
+ abscissa axis.
Indeed, 0% = 0.

3 —2 -1 0 1 2 3
71_,

Application : Comparing expressions
Study the variations of the function f : x + —42% + 1 on [0; +o0].
0< 21 <22
0<a?<a? (square function increasing on [0; +oc])
(—4) x 23 > (—4) x 2% (multiplication by a negative number)
—42? +1> —4a3 + 1
f(z1) > f(x2)

Thus the function f is decreasing on [0; +00].
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THE CUBE FUNCTION

Definition 1 : We call the cube function the function defined on R by z — z3.

Study of the variations of the cube function

Note : (a — b)(a® + ab + b?) = a® + a®b + ab® — a?b — ab® — b3 = a® — b3

Let x1, 2 €] — 00;0] such that z; < z Let x1,z2 € [0; +o0] such that x; < o
v} — o} = (w2 — 1) (2 + 2221 + 27) w3 — i = (22 — 1) (23 + woa1 + 27)
r1 <0andxy < 0soxgx; >0 z1 > 0andxzy > 0soxex; >0
andzy < x9soxo—x1 >0 andz; < x9soxg —x1 >0
thus (3 — 1) (23 + z221 + %) > 0 thus (2 — 1) (22 + 2221 + %) > 0
thus 3 > 23 thus 3 > 23
so x — x3 is increasing on ] — oo; 0] so x — x3 is increasing on [0; +00]

We deduce the variation table of the cube function :

T —00 0 +00

xT /

Graphical representation of the cube function

The representative curve of the cube function is the

3 4

curve with equation y = x>, It is symmetric with
24+ respect to the origin of the coordinate system.
14 The curve is below the abscissa axis on | — 0o; 0].

Indeed, for all z €] — co; 0], x3 < 0.

01 2 3 The curve is above the abscissa axis on ]0; +o0.
1 center of symmetry Indeed, for all z €]0; +oo[, 3 > 0.

T (0; 0) is the only contact point of the curve with the
abscissa axis.

i Indeed, 0% = 0.
Application : Comparing expressions
Study the variations of the function f : z — —z° + 1 on R.
1 < X9
23 < a3 (cube function increasing on R)
—z$ > —a3 (multiplication by a negative number)

—234+1>—a3+1
f(x1) > f(x2)

Thus the function f is decreasing on R.
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THE RECIPROCAL FUNCTION

Definition 1 : We call the reciprocal function the function defined on | — 0o; 0[U]0; +00[ by  — —.
07

Study of the variations of the reciprocal function

Let 21,22 €] — oo; 0[ such that 1 < x5
1 1

1><{L‘1 1><.%'2

) ol To X I 1 X T

Tr1 — T2

X129
$1§.€I}250$1—J}2§0
andzy; < 0andxz9 < 0soxzixy >0

Let 21,z €]0; +00[ such that z; < 9
1 1

1><ac1 IX.I‘Q

xTo Tl To X I 1 X T

Tr1 — T2

T1T2
.CI}1§332$0.7}1—33‘2§0
andxz; > 0andx9 > 0soxixy > 0

T1—T 1 1 r1— 1 1
thusggmhus—g— thu5172§0thus—§—
12 T2 I X192 xI9 T
1 . . 1 . .
so x — — is decreasing on | — oco; 0[ so x — — is decreasing on ]0; +o00|
x x

We deduce the variation table of the reciprocal function :

+0oo

\

T —00 0

% T

Graphical representation of the reciprocal function

The representative curve of the reciprocal function is the
1

3 4

hyperbola with equationy = —.

— T
21 It is symmetric with respect to the origin of the
1 coordinate system.

It is composed of 2 branches since 0 has no image.

0 1 2 3
1 center of symmetry

The curve is below the abscissa axis on | — 0o; 0].

1
Indeed, forall z €] — co; 0, — < 0.
£

The curve is above the abscissa axis on ]0; +o0].

1
T Indeed, for all z €|0; +oco[, — > 0.
x

Application : Comparing expressions
2

Study the variations of the function f : z — — — 1 on ]0; 4o0.
x

0< a1 <29

1 1
—>—>0
I i)

1
2X —>2x — >0
I T2

(reciprocal function decreasing on ]0; +o0|)

f(z1) > f(z2)

Thus the function f is decreasing on |0; +o00].
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THE SQUARE ROOT FUNCTION

Definition 1 : We call the square root function the function defined on [0; +-o00[ by x > /.

Study of the variations of the square root function

Let x1, z2 € [0;+o00] such that x; < o

i = VB VEEVE) (V@) - (V) s
' VT2 + /T VBV BtV
\/372+\/E>0andx1§x250x2—m120
thus \/z2 — /21 >0

so x — 4/ is increasing on [0; +oo]

We deduce the variation table of the square root function :

x 0 +o00

e /
0

Graphical representation of the square root function

The representative curve of the square root function is
31 the curve with equation y = /.

21 It is above the abscissa axis.
Indeed, for all z € [0; +00[, v/ > 0.

(0;0) is the only contact point of the curve with the
abscissa axis.
Indeed, \/6 = 0.

Application : Comparing expressions

Study the variations of the function f : z — —2y/x 4+ 3 on [0; +o0.

0< 1 <9
Vr1 < \/To (square root function increasing on [0; 4-00])
—2\/x1 > —2,/x (multiplication by a negative number)

—9FT+3 > —2/F5 + 3
f(z1) > f(x2)

Thus the function f is decreasing on [0; +00].
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REMINDERS AND COMPLEMENTS IN GEOMETRY

I-Lines

Property 1:If 2 lines are perpendicular to the same line then they are parallel.

(A)
- (d2)
H (dy1)

Property 2 :If 2 lines are parallel and a third line is perpendicular to one of them, then it is perpendicular to the other.

(A)
- (d2)
H (d1)

Definition 1 : The perpendicular bisector of a segment is the line perpendicular to the segment that passes through
its midpoint.

Definition 2 : The angle bisector of an angle is a line that divides an angle into 2 equal angles.

Y
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II - Symmetries

Definition 3 : The symmetric of point M with respect to a line (d) is the point M’ such that (d) is the perpendicu-
lar bisector of the segment [M M'].

Definition 4 : The symmetric of point M with respect to a point K is the point M’ such that K is the midpoint of
the segment [M M'].

III - The parallelogram

Definition 5 : A parallelogram is a quadrilateral whose opposite sides are parallel.
D C
A B

Property 3 : If the diagonals of a quadrilateral have the same midpoint then it is a parallelogram.

D c

Property 4 : If a parallelogram has perpendicular diagonals then it is a rhombus.

i
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Property 5 : If a parallelogram has two consecutive sides of the same length then it is a rhombus.

D

Property 6 : If a parallelogram has diagonals of the same length then it is a rectangle.

D c

Property 7 : If a parallelogram has a right angle then it is a rectangle.

D C

IV - The triangle

Definition 6 : The altitude of a triangle is a line that passes through a vertex of the triangle and is perpendicular to
the side opposite this vertex.

A

Definition 7 : In a triangle, a median is a line that passes through a vertex and the midpoint of the side opposite this
vertex.

A
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Property 8 : The three medians of a triangle are concurrent.
Their point of intersection is called the centroid of the triangle.

A

B C

Property 9 : If a triangle is isosceles then the median, the altitude and the angle bisector passing through the principal
vertex coincide with the perpendicular bisector of the base.

A

-
B H c

Property 10 : The three altitudes of a triangle are concurrent.
Their point of intersection is called the orthocenter of the triangle.

A

Property 11 : The sum of the measures of the angles of a triangle is equal to 180°.

A
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Property 12 : Thales's Theorem

Let A, B, C, M and N be distinct points in the plane.
{(MB) and (NC) intersect at A AM AN MN

th =
and (MN) || (BC) *"AB T AC T BC

A

BJ\7 KC

AM AN MN
AB ~ AC ~ BC

Property 13 : Converse of Thales's Theorem

Let A, B, C, M and N be distinct points in the plane.

A, B, M and A, C, N are aligned in the same order
If< AM AN then (M N) || (BC)

AB ~ AC

N\

NG

AM AN
AB  AC

V - The right-angled triangle

Property 14 : Pythagorean Theorem

If a triangle is a right-angled triangle then the square of the length of the hypotenuse is equal to the sum of the squares
of the lengths of the other two sides of the triangle.

C

A B
BC? = AB? + AC?
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Property 15 : Converse of the Pythagorean Theorem

If, in a triangle, the square of the length of the longest side is equal to the sum of the squares of the lengths of the
other two sides then this triangle is a right-angled triangle.

C

A B
BC? = AB? + AC?

Definition 8 : Let a be an acute vertex angle of a right-angled triangle :
_length of the side adjacent to @

+ We call the cosine of angle a, denoted cos a, the ratio cos a =
length of the hypotenuse

length of the side opposite to a
length of the hypotenuse

+ We call the sine of angle a, denoted sin @, the ratio sina =

length of the side opposite to a
length of the side adjacent to a

+ We call the tangent of angle a, denoted tan a, the ratio tana =

C

Side opposite to a

a a
A Side adjacentto a B

Property 16 : In the triangle ABC right-angled at A :
(cos B)? + (sinB)? =1

C

-
A B

(cos B)? + (sin B)2 = 1

Démonstration :

. . AB\® [(AC\® AB®> AC? AB?+ AC?
2 3 2 — - - — =
(cos B)” + (sin B)* = (BC’> <BC> B2 +BCQ B2
now, according to the Pythagorean theorem, BC? = AB? + AC?
, _ BC?

B+ (sin B2 = 2C
so (cos B)* + (sin B) B
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VI - Distances and circle

1 - Distances

Property 17 : Let A, B and M be three points in the plane.
«If M ¢ [AB] then AM + M B > AB
«If M € [AB] then AM + M B = AB

Definition 9 : The midpoint of a segment is the point on the segment that is equidistant from the ends of the segment.

{K € [AB]

K midpoint of [AB] <=
AK = KB

A K B

Property 18 :
+ If a point belongs to the perpendicular bisector of a segment then it is equidistant from the ends of this segment.

« If a point is equidistant from the ends of a segment then it belongs to the perpendicular bisector of this segment.

(d)
M
I,\" \‘x\
// ul \‘\
A B

2 - The circle

Definition 10 : We call the circle with center K and radius » > 0 the set of points M such that: KM = r.

M

Property 19 : The 3 perpendicular bisectors of a triangle are concurrent (they intersect at the same point).
Their point of intersection is the center of the circle passing through the 3 vertices of the triangle, called the circum-
scribed circle of the triangle.
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Proof:

Let ABC be any triangle.

Let I, J and K be the respective midpoints of the segments [AB], [BC| and [AC].

Let O be the center of the circumscribed circle of the triangle ABC, hence OA = OB = OC.

OA = OB so O belongs to the perpendicular bisector of [AB].

OB = OC so O belongs to the perpendicular bisector of [BC].

OA = OC so O belongs to the perpendicular bisector of [AC].

Thus the 3 perpendicular bisectors of the triangle ABC' are concurrent at O, the center of the circumscribed circle of
the triangle ABC.

Property 20 : If a triangle is a right-angled triangle then its circumscribed circle has the hypotenuse of the triangle as
its diameter.

A‘\/B

Property 21 : If one of the sides of a triangle is a diameter of its circumscribed circle then this triangle is a right-angled
triangle and has this side as its hypotenuse.

A

3 - Area of the triangle

Property 22 : If the altitude (AH ) of a triangle ABC intersects the line (BC') at H then:
AH x BC
Area(ABC) = %
A
-
B H C
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COORDINATES AND DISTANCE

I - Orthonormal coordinate system of the plane

Definition 1 : An orthonormal coordinate system of the plane is a triplet of points (O, I, .J) forming an isosceles
right-angled triangle with principal vertex O.

Vocabulary : The point O is called the origin of the coordinate system.
The line (OI) is called the abscissa axis and the distance O defines the unit on this axis.
The line (OJ) is called the ordinate axis and the distance O.J defines the unit on this axis.

Note : This coordinate system is "ortho" (right) because the lines (OI) and (OJ) are perpendicular.
This coordinate system is "normed" because O = OJ.

Yy
In the coordinate system (O, I, J) :
« x )y is called the abscissa of point M. M
YM |5~ -+
* y is called the ordinate of point M. 5 |
* (war;ynm) is called the pair of coordinates of point M. I |
h O L
We denote : M (xnr; ynr) O I TM

II - Distance between 2 points in an orthonormal coordinate system

Property 1: Let A(z4;y4) and B(zp;yp) be two points of the plane equipped with an orthonormal coordinate sys-
tem (O, 1, J).

The distance between points A and Biis :
AB = \/(zp —24)? + (yB — ya)>?

Explanation of property 1

The coordinate system (O, I,.J) is orthonormal so
ABH is aright-angled triangle at H.
We apply the Pythagorean theorem:

AB%* = AH? + HB?
= (vp —2a)* + (yp — ya)* J
Thus AB = \/(zp — 4)% + (yB — ya)? 19)

Méthode : Calculating the distance between 2 points

In an orthonormal coordinate system (O, I, J), we are given : C'(—1;2) and D(3; —4).
Calculate the distance C'D.

We apply property 1 :

CD =+/(zp —zc)? + (yp — yc)?
=vV(B—(-1)+(-4-2)
=52

If points C' and D have been placed in an orthonormal coordinate system (O, I, J) such that O = OJ = 1 cm,
then we can verify the length C'D on the graph by measuring (C'D = 7.2 cm).
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III - Coordinates of the midpoint of a segment in a coordinate system

Property 2: Let A(z4;y4) and B(zp;yp) be two points of the plane equipped with a coordinate system (O, I, J).

The midpoint of the segment [AB] has coordinates :

TA+TB YA +YB
2 ’ 2

Explanation of property 2

(KB)and (LH) intersectat A, and (KL) || (BH).

We suppose that x4 # xp and y4 # Y.
We apply Thales's theorem :

AK AL KL
AB~ AH BH

AK 1 Y
Now K is the midpoint of [AB —_— = =
ow K is the midpoint of [AB] so A8 =3 B
1 zx—xa Yk —ya yB”””””I;""?*
Thus — = = -] :
2 rp—Ta YB—YA YK ,s”T :
- - yal----- REEEECEERE
rp—TA 2 Yp—ya 2 l l L&
. S . TB—TA ol [ za TK B
With a cross-multiplication, we obtain: xx — x4 = 5
hence T~ TA TB—TA 24 TR+ ITAp
T = ——xyg = =
K 2 A 2 2 2
_ YB+Ya

Similarly, we obtain : yx = 5

Note : Unlike property 1 which requires an orthonormal coordinate system, property 2 is true in any coordinate system.

Méthode : Calculating the coordinates of the midpoint of a segment

In a coordinate system (O, I, J), we are given : C'(—1;2) and D(3; —4).
Calculate the coordinates of the midpoint E of the segment [C'D)].

We apply property 2 :
B xC"‘ﬂ?D;yC“f‘yD
2 2
> —1+3;2+(—4)
2 2
E(1;-1)
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GENERALITIES ON VECTORS

I - Representation of a vector

Property 1:

ABCD is not crossed
ABCD is a parallelogram is equivalent to < AB = CD
(4B) || (CD)

We group the information cited in property 1 into a new mathematical object : the vector.

Definition 1 : The vector E is defined by :
« its direction, the line (AB).

« its sense, from A to B.

« its length, the distance AB.

Representations of the vector A §
A and B are 2 given points of the plane.

We represent the vector zﬁ by an arrow going from B
Ato B.

Any arrow parallel to the line (AB), of length AB, in B -
the sense from A to B represents the vector AB.

AB=u="7

Property 2: 1@ = @ is equivalent to ABDC is a parallelogram (possibly flat).

Méthode : Constructing a vector equal to a given vector

Let A be a given point and U a given vector. We call M the origin of the represented vector W and N its extremity.
To construct the point B such that 1@ = U, we draw the parallelogram M N BA.
A, M and N are not aligned A, M and N are aligned
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II - Coordinates of a vector

Coordinates of the vector A §

The coordinates of a vector zﬁ represent the path that
links the origin A of the vector to its extremity B following
the direction (Ox) then the direction (Oy).

In the coordinate system (O, I, J) opposite, we travel :
« xp — x4 following the direction (Ox),

* yp — y4 following the direction (Oy).

Property 3: Let A(z4;y4) and B(zp;yp) be two given points in a coordinate system (O, I, J) of the plane.

The vector 1@ has coordinates Y .
YB — YA

— —
The zero vector AA (which we also denote () has coordinates <8> .

Property 4 : Two vectors are equal if and only if their coordinates are equal.

7@ :7<x:> — z=a'andy =y

Y Y

44




VECTOR CALCULUS

I - Multiplication of a vector by a real number

Definition 2 : Let E be a vector and k a real number (different from zero).

The vector k@ has :
+ the direction (AB)

+ the sense from A to B if k > 0 and the sense from Bto Aifk < 0

* thelength kABifk > 0and —kABifk <0

Méthode : Construction of the vector kA§

1
Given the vector E we draw the vectors —2@ and 51@.

A§
direction (AB) direction (AB)
g A 1
—2A sense from B to A AQ@ §A§ sense from Ato B

1
length 2AB length §AB

II - Collinear vectors

Definition 6 : We say that two vectors 7 and U are collinear when there exists a real number k such that o = k(.

Note : Two collinear vectors have the same direction.

Property 6 : Let A, B, C' and D be distinct points of the plane.

(AB) || (CD) if and only if AB and CD are collinear.

Special case : B and ﬁ are collinear if and only if the points A, B and C are aligned.

- ol
Property 7 : Let 0 <;> and U <;,> be two given vectors in a coordinate system (O, I, .J) of the plane.

The vectors @ and ¥ are collinear if and only if 2y’ = 2.

Démonstration :

/
Let W <§) and U <§,) be two given vectors in a coordinate system (O, I, J) of the plane (x # 0,y # 0).

l,/
' =kx k=— x !
« If the vectors « and ¥ are collinear then = L so— =>soz'y=uxy.
Y =ky =2 T
Yy
/
Y =" ' =kx
« If 2’y = xy/ then — = 7 so there exists a real number k such that : L = — U=
r oy e "= ky
Yy

k.
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III - Addition of 2 vectors

Definition 7 : Let A, B, C be any three points, B + B? = 1@

BC

A.B) C This equality is called Chasles’s relation.

A AC = AB + BC

B

Méthode : Construction of the sum vector

1@ and CB are two given vectors.

We construct B’ such that @ = BB,

We apply Chasles’s reliic;n : .
AB +CD = AL + BB = AB’

ol
Property 8: Let U (;) and U <°;,> be two given vectors in a coordinate system (O, I, J) of the plane.

/
The vector @ + ¢ has coordinates (T + x/) .
y+y

The vector —7 has coordinates <_f>
-y

— -~
Definition 8 : The vector B A is called the opposite of the vector 1@ We denote : BA = —1@.

(it has the same direction, the same length but the opposite sense.)

—
Note : We find a relation already known for real numbers : AB + (—@) — AB Y BA=A4A=T

If we add a vector and its opposite, we obtain the zero vector.

Definition 9 : Subtracting a vector is equivalent to adding its opposite : U-v=d+ (—7)

Application:
Let A, B, C and D be four points of the plane. Simplify the following vector expression :
@ =AB - CD - AC + BD
We transform the subtractions into additions of the opposite, then we reorganize the terms to use Chasles's relation :
@ = AL+ DC + CA+ BD
@ = (CA+ AB) + (BD + DC)
@ =CE + BC

I
ol %

o
o
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TRANSFORMATIONS OF THE PLANE

I - Translation

Definition 1 : Let A and B be two given points of the plane. The translation by vector A§ associates with any point
——
M the point M’ such that M M’ = AB.

Méthode : Construction of the image of a point by a translation

Let A, B and M be three given points of the plane. We call M’ the image of M by the translation by vector ﬁ
According to the definition M M’ = zﬁ so it is sufficient to construct the parallelogram ABM'M.

B

N

w7

T
MM’

If point M is on the line (AB) then the parallelogram ABM'M is flat.

II - Homothety

Definition 2 : Let O be a given point of the plane and k a given real number. The homothety of center O and ratio k

—_— —
associates with any point M the point M’ such that OM’ = kOM.

Méthode : Construction of the image of a point by a homothety

Let O be a point of the plane and k a real number given. We call M’ the image of M by the homothety of center O
— —
and ratio k. According to the definition OM' = kOM.

k=2
M/
M
0—M>//0M'

O

III - Central symmetry

Definition 3 : Let O be a given point of the plane. The central symmetry of center O associates with any point M

—
the point M’ such that OM’ = M( 3,

Notes :
s
* The equality OM’ = M(s means that point O is the midpoint of the segment [M M’].

+ Central symmetry is a homothety of ratio —1. Indeed, OM' = MO «— OM' = —1 x OM.
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IV - Coordinates and transformations

Coordinates of the image of a point by a translation

Let o (Z) be a vector and M (z; y) a point given in a coordinate system (O, I, J).

—
Let M'(z'; /) be the image of M by the translation by vector @ then MM’ =

-z a ¥ —x=a ¥=x+a
, = = < = <
v -y b y—y=> y=y+b

Property 1: Let 0 <;> be a vector and k a real number given in a coordinate system (O, I, J) of the plane.

The vector k1 has coordinates (k2> .

Coordinates of the image of a point by a homothety

Let ©2(a; b) be a point and M (z; y) points given in a coordinate system (O, I, J), and k a given real number.
—
Let M'(z';y’) be the image of M by the homothety of center €2 and ratio k then QM' = kQM

(o)== {iiery = oy
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LINES OF THE PLANE

I - Direction vector of a line

Definition 1 : Let A and B be two distinct points of a line (d).
Any vector collinear with the vector 1@ is called a direction vector of the line (d).

Méthode : Drawing a line given by a point and a direction vector

In a coordinate system (O, I, J), construct the line (d) passing through point A(1; 2), with direction vector @ (_32>

N
We place A. A
We draw 7 with origin A. . K74
We draw (d) passing through A and directed by .

0 1

II - Cartesian equation of a line

Property 1: Any line (d) of the plane has an equation of the form ax + by 4+ ¢ = O with a, b, ¢ € Rand (a, b) # (0,0).
This equation is called a Cartesian equation of the line (d).

Démonstration :

Let (d) be a line passing through a point A(z 4; y4) and with direction vector 4 <g>

M(z;y) € (d) <= AM (z : §A> and <g> are collinear

= T XY — Y X 2w =0 = (@ —z4) xB—(y—ya) xa=0
< fr—0Ora—ay+ays=0 < PBr—ay—Pra+ays=0

<— ar+by+c=0witha=p8,b=—aandc= —0x4 + aya.

Méthode : Determining the Cartesian equation of a line passing through 2 points

Determine a Cartesian equation of the line (AB) with A(—1;4) and B(3;2).

We calculate the coordinates ofA.B> (mB N $A> hence E (_42) .

YB —Ya

Ym — ya y—4
M(z;y) € (AB) <— AM and AB are collinear
= T X Yap — Ya Xt =0 = @+ 1) x(=2) - (y—4) x4=0
— 2r-2-4y+16=0 << 2r—4dy+14=0 << —ax—-2y+7=0.

— — -— 1
Let M (x;y), we calculate the coordinates of AM M xA) hence AM (x + )

A Cartesian equation of the line (AB) is —z — 2y + 7 = 0.

Special case :

- The equation of the abscissa axis (Oz) is y = 0.
- The equation of the ordinate axis (Oy) is x = 0.

Property 2 : The vector o ((;J) is a direction vector of the line (d) : ax + by + ¢ = 0 with (a, b) # (0,0).
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Démonstration :
To shorten the proof, we limit ourselves to the case where a # 0 and b # 0.
The points A (0; _bc) and B <_ac; 0) belong to the line (d) : az + by + ¢ = 0.
—c
Hence /ﬁ _70 is a direction vector of (d). (pay attention to the sign of the ordinate of B)

b

T X Ygp —Ya X g5 = —bX (—bc> —ax (—ac> :c—c:0507<_ab> and AB are collinear.

Thus 7 is a direction vector of (d).

III - Reduced equation of a line

Property 3:
e Any line not parallel to the ordinate axis has a reduced equation of the form y = max 4+ p withm,p € R.

e Any line parallel to the ordinate axis has an equation of the form x = k with & € R.

Démonstration :
In a coordinate system (O, I, J), any line (d) has a Cartesian equation of the form az + by + ¢ = O with a, b, c € R,
(a,b) # (0,0). & <_ab) is a direction vector of (d).

1
d) || (Oy) <= 7and7arecollinear = Ty Xyg—yp xag =0 — Oxa—1x(=b)=0 < b=0.

= (0Y . N . ;
The vector j ( > is a direction vector of the ordinate axis.

_>
e Ifb =~ 0then j and U are not collinear so (d) is not parallel to the ordinate axis and ax + by + ¢ =0 <= by =
a

c c
—AL —C &= Y= ——T — —S0Y = +pwithm = ——andp = —-.
axr —c Y ba: D y=mx+p m 2 D b
%
e Ifb = Othen ;5 and U are collinear so (d) is parallel to the ordinate axisand ax + 0y + ¢ = 0 < azx =
—C = r=—Ssox=kwithk=—°
a a
Vocabulary :

- The real number m is called the slope of the line.

- Thereal number pis called the y-intercept; it is the ordinate of the intersection point of the line with the ordinate axis.

Property 4: Let A(24;y4) and B(zp;yp) be two points of the plane such that x4 # .
e The slope of the line (AB) ism = ¥~ Y4
B — T A

1
e Adirection vector of (AB) is U ( )

m

Démonstration :

e Ifx 4 # xpthentheline (AB)isnot parallel to the ordinate axis so it has a reduced equation of the form y = mxz+p
withm,p € R.

A€ (AB) < ya=mzs+pand B € (AB) <= yp=map+p

hencep = ya —ma4 = yp — mxp <= Mmrp —mrg =yp —ya < m(Tp —TA) =YB — YA
YB — YA

NOW T4 # B SO M = .
TB — TA

1
ey=mz+p < mr—y+p=0sod (m) is a direction vector of (AB).
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Graphical interpretation of the slope

(O, 1,J)is an orthonormal coordinate system.
The triangle ABC is right-angled at C'.

i B _
tan(BAC) = £ = Yo Us_

so the slope m of the line determines the steepness of the
line.

If m > 0 then the line "goes up".
If m < 0 then the line "goes down".
If m = 0 then the line is parallel to (Ox).

Property 5: The lines (d) : y = mx + pand (d') : y = m'z + p’ are parallel if and only if m = m/’.

Démonstration :

1 — (1
If (d) : y = ma+pand (d) : y = m'z + p then & (m) is a direction vector of (d) and u’ (m,> is a direction

vector of (d'). .
(d) || (d') <= W and u are collinear <= T Xy —yg xa5 =0 < Ixm'-mx1=0 < m=m'
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PERCENTAGES

I- Applying a percentage

t
Property 1 : Applying t % to a number is multiplying this number by 100"

Méthode : Applying a percentage

Calculate the amount of a 30 % discount on a price of 15 €.

Initial price: Pp = 15 € Discount percentage : t = 30 (%) Discount amount : R
t 30
7700 = " 100

II - Calculating a percentage

Property 2 : As a percentage, a part ¢ of a quantity () is equal to 4 x 100.

Q

Méthode : Calculating a percentage

Calculate the percentage that a discount of 5 € represents on a total amount of 40 €.

Partin € q=2>5 T q 5
=L %100 = — x 100 = 12.5 (%)
Totalin€ | Q = 40 | 100 Q 40

III - Percentage evolution

Property 3:

‘ t
« Increasing a quantity by ¢ % is equivalent to multiplying it by <1 ol 100>

t
+ Reducing a quantity by t % is equivalent to multiplying it by <1 = 100)

Démonstration : Percentage increase
We call Qg the initial quantity and Q1 the final quantity increased by ¢ %.

t t
According to property 1, the increase is equal to — X Q¢ s0 Q1 = Qo + — X Qo.

100 100
Factoring (g in the previous expression, we get :

t t
Q1=1xQo+-—=xQ=1+-— Q
! o 100 o ( 100) ko

Méthode : Percentage reduction

Calculate the price of an article costing 50 € on sale for 20 %.

Initial price: Py = 50 € Discount percentage : t = 20 (%) Final price : P,

¢ 20
P=(1—-—\)xpP=(1-"2 —40€
! < 100)>< 0 ( 100)X50 0

Vocabulaire : The number t is called the percentage of evolution from Qg to Q1.
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EVOLUTION RATE

I - Evolution rate and evolution percentage

Definition 1 : The number 7' is called the evolution rate from the quantity ()¢ to the quantity Q) :
T Q1 — Qo
Qo

Property 1:If t is the evolution percentage from Qg to ()1 and 7" the evolution rate from (Jy to ()1 then:
t
T=—
100

Démonstration : Evolution rate and evolution percentage
We call Qg # 0 the initial quantity and ) the final quantity increased by ¢ %.

t
100 10
Qo

According to property 1, the increase is equal to — X Qg so Q1 = Qo + 100 X Qo.

Q1=Qo+ﬁ><@0 = Ql—Qosz
1 t 1
— (QI_QO)X@:mX%X%

1—Qo 1 7ot

— = =
Qo 100 >° 100

Consequence : Using property 3, we obtain: )1 = (1 + 7")Qg

Méthode : Evolution rate and evolution percentage
Calculate the evolution rate and the evolution rate as a percentage of a price that goes from 20 € to 45 €.

T

Py=20¢€ P =45¢€

P,—P, 45-—2 '
B =20 o0 ad T= L s t =100 x T = 100 x 1.25 = 125 (%)

T
Py 20 100

Remarque :

+ During anincrease 1" > 0 and during a reduction 1" < 0.

+ The quantities must be expressed in the same unit.

II - Successive evolutions

Property 2:
« If T7 is the evolution rate from Qg to (Q1, and T the evolution rate from Q1 to ()2 then:

Q2= (1+T1)(1+T2)Qo

« If T'is the evolution rate from Qo to Q2 then 1 + 71" = (1 + T1)(1 + T%).

Méthode : Overall evolution rate
An article increases by 20 % then decreases by 20 %. Calculate its overall evolution percentage t.

Ty = 0.2 Ty = —0.2
Py Py P

T

1+T=01+T)(14+T)=(1+02)(1-02)=096 so T =096—1=—0.04
sot =T x 100 = —0.04 x 100 = —4 (%)
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III - Reciprocal evolution

Definition 2 : The number 7" is called the reciprocal evolution rate from the quantity ()¢ to the quantity Q1 :

@1

77 =

Property 3 : If T' is the evolution rate from (Qy to Q1 and T” the reciprocal evolution rate from Qg to Q1 then :
1

1+7T =
v 1+T

Démonstration : Reciprocal evolution rate

1
1+7'=—— <= 1+T)x(1+T)=1

Qo Ql Qo
1) (14252
Qo - Q1

Q1 ><gz+ 1QOQO>
<§Y

- (
(@
(Q/+Q0— 0+ Q1 — Q/>
(@

A+TYx(1+T)=

Qo
(@) -

Qo

Méthode : Reciprocal evolution rate

An article increases by 20 %. Calculate the reciprocal evolution percentage t'.

T =0.2
PR ————— PR
Tl
1 1 1 1 1
1+7 = _ _ T = —1=—>~—017
+ 1+7 1402 12 °° 1.2 6

sot! =100 x T =~ —17 (%)
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ONE-VARIABLE STATISTICAL SERIES

I - Measures of dispersion

Definition 1 : The median Me is the value that divides the series into 2 groups such that :

+ at least 50 % of the values are less than or equal to Me
« atleast 50 % of the values are greater than or equal to Me.

Remarque : The median is the central value of the series.

Definition 2 :
* The first quartile is the value ()1 that divides the series into 2 groups such that :

« at least 25 % of the values are less than or equal to Q1
« atleast 75 % of the values are greater than or equal to Q1.

* The third quartile is the value ()3 that divides the series into 2 groups such that :

« atleast 75 % of the values are less than or equal to Q3
« at least 25 % of the values are greater than or equal to Q.

Definition 3 :
* Theinterval [@1 ; Q3] is called the interquartile interval.

« The difference Q3 — ()1 is called the interquartile range.

* The diagram below, drawn to scale, is called a box plot :

Min Q1 Med Qs Max

Remarque : The interquartile range measures the dispersion of the series. Indeed, it contains about 50 % of the values of
the series.

II - Measures of central tendency

Study of the statistical series below :

Value x; Ty | T | ... | g

Frequencyn; | n1 | n2 | ... | ng

Definition 4 : The mean of a statistical series, denoted 7, is the number :
ny X x1+ng X T+ - +ngp X Tk
ny+ng+ -+ ng

E:

Definition 5 : The standard deviation of a statistical series, denoted o, is the number :

- \/n1<$1 *5)2 +TL2((L’2 *E)Q + .- Jrnk(l’k 75)2

ny +ng -+ N

Remarque : The standard deviation measures the dispersion of values around the mean.
The larger it is, the more the values are dispersed and the less the mean is representative of the values in the series.
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Explication : of the standard deviation The accountant of a towing company recorded the mileage of each vehicle

during one week.
We obtained the following numbers, in kilometers :

438 | 770 | 226 | 479 | 685 | 525 | 374 | 591 | 690 | 810
587 | 213 | 690 | 853 | 421 | 352 | 511 | 260 | 586 | 675
We have represented all the values of the series on the graph below, as well as the deviation between the mean and

eachvalue (blue dotted lines). The standard deviation calculates the average of the lengths of the blue dotted segments,
i.e. the average deviation of the values from the mean.
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Property 1:
+ If we add the same number a to all values of a statistical series with mean 7, then the mean of the resulting series

isT + a.

« If we multiply all values of a statistical series with mean Z by the same number b, then the mean of the resulting
seriesis T x b.

Démonstration :

+ We add a to all values of the series.

Value x; r1+a|xat+a|... |xp+a

Frequency n; ni no - Nk

Calculation of the mean:
Y:m><(:L‘l—i—a)—i—ng><(avg—i—a)—i—---—i—nk><(avk+a)
ny+ne+---+ng
n1xr1 +nia + N9y + Noa + -+ - + N + NEaQ
ny+ng+ -+ ng
n1ry + Noxo + -+ + Nk + N1a +noa + - - - + Nga
ny+ne+---+ng
ni1T1 + N2xo + -+ + NpTk nia +nga + - - -+ nia
ny+ng+---+ng ny+ng+---+ng
(n4+n2+-+ng) xa
ny+ng+ -+ ng

+(MXG
(1 4 no A F ) x 1

+a

|
8|
+

I
8|

Il
8|

« We multiply all values of the series by b.

Value z; 1 Xb | xoxb | ... | xpxb

Frequency n; n1 ng e ng

Calculation of the mean :
n1><(a:lxb)—i—ng><(x2><b)+~-+nk><(a;k><b)
ny+ng+---+ng
_bx(zlXn1)+b><(x2><n2)+-~—|—b><(xk><nk)
ny+ng+---+ng
. b x (nlxl—l—ngmg—i—'--—i—nkxk)
ny+ng+ -+ ng
n1Ty + N2Ta + - + Ny
ny+ne+---+ng

?:

=bx

=bxXT
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III - Cross-tabulation of two characters

A cross-tabulation of two characters contains the values of two characters and their frequencies.

Explication : Cross-tabulation of frequencies

In a class of 35 students, 16 ski, 11 snowboard, and 4 practice both sports.
We denote the characters A : "The student skis" and B : "The student snowboards".

A A Total

B ANB:4 | AnNB:7 | B: 11

B | AnB:12 | AnB:12 | B:24
Total A:16 A:19 35

Definition 6 : The marginal frequency of A, denoted f4, is:

: frequency of A
fa=

~ total frequency

Explication : Calculation of marginal frequency

16
The marginal frequency of students who skiis f4 = 35

Definition 7 : The conditional frequency of A given B, denoted fp(A), is:

_ frequencyof AN B
N frequency of B

fB(A)

Explication : Calculation of conditional frequency

The conditional frequency fg(A) is the frequency of students who ski among those who snowboard.

4
fB(A) = 11
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EVENT AND SET LANGUAGE

I-Vocabulary

Definition 1 : An experiment is called a random experiment if it satisfies the following 2 conditions :

1 - All possible outcomes are known
2 - We do not know in advance which outcome will occur.

Study of a specific case:

We roll a fair 6-sided die numbered from 1 to 6. We note the number obtained on the top face.
+ All possible outcomes are known : they are 1, 2, 3,4, 5, 6.

+ We cannot know in advance which outcome we will get.
It is therefore a random experiment.

Definition 2 : An outcome is a possible result of a random experiment.

In the example:

There are 6 outcomes : they are 1, 2, 3,4, 5 and 6.

Definition 3 : The universe (or sample space), denoted €2, is the set of all outcomes of a random experiment.

In the example:
The universe is = {1,2,3,4,5,6}.

Definition 4 : An event is a set of outcomes.

In the example:

+ Let A be the event "Obtaining an even number"; it is composed of the outcomes 2, 4 and 6.
A=1{2,4,6}
+ Let B be the event "Obtaining a number greater than or equal to 2"; it is composed of the outcomes 2, 3, 4, 5, 6.

B ={2,3,4,5,6}

II - Use of set language

Notation :
+ An outcome e, also called an elementary event, is an element of {). We denote e € ).

+ An event A is a subset of the universe ). We say that A is included in €2 and we denote A C .

Definition 5 : Mutually exclusive events are events that cannot occur simultaneously.

In the example:
Let C be the event "Rollinga 6"; C' = {6}.

Let D be the event "Rolling a number strictly less than 3"; D = {1, 2}.
Events C and D have no common outcome; they are therefore mutually exclusive.
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Notation :
* When 2 sets have no element in common, we say that their intersection is an empty set.
The empty set is denoted &. The symbol for intersection is N.

+ If 2 events C and D are mutually exclusive, we therefore denote C N D = &.

Vocabulaire :
+ All outcomes belong to the universe {2 so we call ) the certain event.

* The empty set & contains no outcome so we call & the impossible event.

Definition 6 : The complementary event of an event A, denoted A4, is the event composed of all outcomes not belon-
ging to A.

In the example:

* Let A be the event "Rolling an even number": A = {2,4,6}
hence A is the event "Not rolling an even number" so A = {1, 3,5}.

+ Let B be the event "Rolling a number greater than or equal to 2": B = {2,3,4,5,6}
hence B is the event "Rolling a one"so B = {1}.

Property 1: For all events A, B :
Event A or event B is the event A U B.
Event A and event B is the event A N B.

ANA=2 and AUA=0.

In the example:

Let A be the event "Rolling an even number"; A = {2,4,6}
and D the event "Rolling a number strictly less than 3"; D = {1, 2}.

A or D consists of the outcomes contained in AandinD; AU D = {1,2,4,6}.

A and D consists of the outcomes commontoAand D; AN D = {2}.

60




PROBABILITY CALCULATION

I - Probability of an event

1 - Concept of probability

The probability of an event is the frequency of occurrence of this event during a large number of repetitions of the same
random experiment.

In the example:

If we roll a 6-sided die a very large number of times, we will observe that the frequency of occurrence of each face is
equal to 1 out of 6.

Definition 1:

During a random experiment, we say there is equiprobability when all outcomes have the same probability of occur-
ring.

Property 1:
number of outcomes in A

In a situation of equiprobability, the probability of an event Ais p(A) = : .
number of outcomes in €2

In the example:

The universe is = {1,2, 3,4, 5,6} and contains 6 outcomes.

Let A be the event "Rolling an even number"; A = {2,4, 6} contains 3 outcomes.

p(A) =

Let B be the event "Rolling a number greater than or equal to 2"; B = {2, 3,4, 5,6} contains 5 outcomes.

=0.5

W

p(B) = % ~ 0.83

Consequence:
* The probability of an event is between 0 and 1.

+ The sum of the probabilities of all outcomes is equal to 1.

2 - Probability distribution

Definition 2 :

Let Q2 be the finite universe associated with a random experiment. Defining a probability distribution on {2 means giving
the probabilities p; of each outcome z; of €.
We group these results in a table :

outcome x; 1 | T2 | ... | Tp

probabilityp; | p1 | p2 | --- | Pn
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In the example:

1 outcome 112 |3]4|5]6

The probability of each outcome is equal to —. - 1111111
probability | = | = | = | = | = | =

6 | 6|6|6|6]|6

We indeed verify that :
+ each probability has a value between 0 and 1.
11 1 1 1 6

1
* th f th babilities of each out i ltol [=+=-4+=-+=-+=-+====1].
e sum of the probabilities of each outcome is equal to <6+6+6+6+6+6 5 )

3 - Properties

Property 2:
* Forallevents Aand B, p(AU B) = p(A) + p(B) — p(AN B).

* ForanyeventA, p(A) +p(A) = 1.

Remarque : If events A and B are mutually exclusive then p(A U B) = p(A) + p(B).

In the example:

3

Let A be the event "Rolling an even number": A = {2,4,6} so p(A4) = 6
2
and D the event "Rolling a number strictly less than 3": D = {1,2} so p(D) = 8

4
AUD:{1,2,4,6}sop(AUD):6

AﬂD:{Z}sop(AﬁD):é

sop(A) +p(D)—p(AND)=—+

1 4
—=—=p(AUD
66P(U)

S| W
N
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II - Modeling with a table or a tree

1 - With a table

Two-way table :

We roll 2 identical dice and note the sum obtained. Describe the universe of this random experiment.
We note all the possible rolls when throwing the 2 dice in the table below.

die1\die2 |12 3| 4 |5 | 6
1 213|4| 5 6 7
2 3|45 6|78
3 4|15/6| 7|8 |9
4 5/6|7]| 8 9 | 10
5 678 9 10|11
6 708191011 ]12
There are 36 possible rolls. Q = {2,3,4,5,6,7,8,9,10,11,12}
Probability of each outcome :
(2) = o = p(12):p(3) = = = p(11); p(4) = = = p(10); p(5) = o = p(9): P(6) = o =
Probability distribution :
outcome 2 3 4 5 6 7 8 9 10 | 11 12
robabilit 1 2 3 4 5 6 5 4 3 2 1
abili — ===l =l==l=l=l=|=| ==
P y 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

We notice that this is not a situation of equiprobability.

(Additive) two-way table :

no sport?
We consider the events A : "Skiing" and B : "Snowboarding".

A A Total

4 — 7 11
B ANB)=— ANB)=— B)=—
P(ANB) = | p(ANB) = o= | p(B) =
— — 12 — = 12 — 24
B ANB)=— ANB)=— B) = —
PANB) = o= | p(ANB) = = | »(B) =

16 — 19

otal | p(4) =2 | p(A) =

S — 12 ,
p(ANB) = 35 so there are 12 students who practice no sport.

In a class of 35 students, knowing that 16 ski, 11 snowboard and 4 practice both sports, how many students practice
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2 - With a simple tree

Simple tree (of choices):

An urn contains 5 identical balls numbered 1 or 2. We successively draw two balls from the urn without replacement.
1) What is the probability p; of drawing 2 balls with the number 1?
2) What is the probability ps of drawing exactly one ball with the number 2?
3) What is the probability ps of drawing at least one ball with the number 2?

We can represent the situation with a simple (choice) tree :

0 In this tree, a path is composed of 2 branches and represents an
© g outcome. There are a total of 20 equiprobable outcomes.
3 1) There are 2 paths for which the 2 balls have the number 1:
® g 21
P1=55=
Q) 20 10
5 3 2) There are 12 paths for which exactly one ball has the number
Urn .
Q) 2:
@ 12 3
n p2 = — = —
) g 20 5
®) 3) There are 18 paths for which at least one ball has the number
O, 2:
O
@ 0 189
@ P5= %0~ 10

3 - With a weighted tree

In the previous example :

Urn

Property 3:
+ In a weighted tree, the probability of an event corresponding to a path is equal to the product of the probabilities
of the branches that make up this path.

« The sum of the probabilities of the branches issued from the same node is equal to 1.

In the previous example :

21 2 1 23,8 2 6,6 _12_3
PL=5 2172 ~ 10 P2 e T s 1T 20720 20 5
2 3,3 2,32 6 6 6_18 9
P e g Ty T 4T 2020 20 20 10




III - Conditional probability

Definition 3 : Let A and B be two events with p(A) # 0. The probability of B given that A has occurred is the num-
ber :

_ p(ANB)

Notes : * The previous formula is also written p(A N B) = pa(B) x p(A).
* The event A N B occurs when event A occurs and event B occurs.

Property 4:1f p(A) # 0 and p(B) # 0then p(AN B) = pa(B) x p(A) = pp(A) x p(B).

Application to the previous example :

We denote the events: * A: "The first drawn ball has the number 1."
* B: "The second drawn ball has the number 1."

1) What do the events A and B represent?
2) Redo the weighted tree with the notations introduced in this paragraph.
3) Write the literal formulas of p1, p2, p3 calculated previously.

1) A :"The first ball does not have the number 1." (so it has the number 2)
B :"The second ball does not have the number 1." (so it has the number 2)

2) Weighted tree:

Y
P
(l/ A
Nig b
W 4(B) _ 3 .
4
2/ B
P 3 prB) A
g A
“a(B) < 2 5
4
2 1 2 1
3)pl—p(AﬁB)—p(A)pr(B)zgXZZ%:E

p3 =p(ANB) +p(AN B) 4+ p(AN B) = p(A) x pa(B) + p(A) x pz(B) + p(A) x pz(B)
_2,3.3.,2.3.2 6 6 6 18 9
574 574 574 20 20 20 20 10
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